. If they are also subject to electrostatic loading, their deflection increases nonlinearly with the magnitude of the com-23 pressive axial load. Therefore, the determination of the electromechanical buckling (EMB) characteristics of axially-loaded 24 nanobeams is essential for designing such devices [8] [9] [10] [11] [12] . Indeed, the application of an adaptable compressive load, e.g. by 25 means of an axial elastic constraint applied at the tip of the beam, allows to modify the deflection and the pull-in behavior 26 of a nanocantilever. It may also affect the occurring of stiction [13] [14] [15] , namely the phenomenon that takes place when the 27 intermolecular surface forces overcome the restoring elastic forces and keep the cantilever tip attached to the ground. In 28 general, stiction may be avoided or favoured by reducing or increasing the axial compressive load, respectively. Stiction has 29 been advantageously exploited in applications such as non-volatile memory cells, since it allows holding the switch in the 30 closed state with no need for supplying continued power input. On the contrary, in sensor and actuator applications it may 31 cause permanent adhesion and other unexpected occurrences that may reduce the range of operability of the device. 32 The axial load provides an additional linear second-order term in the governing fourth-order ODE of the Eulero-Bernoulli 33 (EB) beam model, which can either stiffen, if tensile, or soften, if compressive, the nanostructure. Many authors investigated 34 the influence of the axial load and, in general, of the additional second-order term on the beam pull-in displacement and 35 voltage by using a numerical approach [3, [16] [17] [18] [19] [20] . They clearly found that critical pull-in voltage decreases under the action 36 of a compressive axial load, whereas an opposite stiffening effect is observed for a tensile axial load. Therefore, the presence 37 of a compressive axial load is an important issue in the fabrication and design of sensors and actuators, because it may 38 cause degradation or even failure of the devices. 39 The work [21] focuses on the effects of the support flexibility on the pull-in instability of an electrostatically actuated 40 micro-or nanocantilever and accurate analytical bounds are found for the pull-in parameter in the absence of axial load. 41 The present work focuses instead on the effects of a compressive axial load on the pull-in instability. To this aim, the 42 analytical approach proposed in [21] is extended by taking into consideration an additional term in the governing ODE 43 and in the boundary conditions coming from the contribution of the axial load. This contribution is indeed expected to 44 have a significant influence on the pull-in parameters [ 3 , 22 ] as well as on the critical gap for a freestanding compressed 45 nanocantilever, which is an essential parameter in the design of NEMS for avoiding the collapse of the flexible electrode 46 on the ground plane when the electrostatic loading is removed. Moreover, the additional term may also include the effects 47 of surface elasticity and residual stresses, which are important factors that may explain the experimentally measured size 48 dependent behavior of nanobeams.
49
The nonlinear BVP governing the beam deflection is presented in Section 2 and then transformed into an equivalent 50 nonlinear integral equation by using the Green's function of the compressed cantilever beam. Here, we consider a linear 51 elastic EB beam subject to a distributed load that depends nonlinearly on the beam deflection. The total deflection of the 52 beam is formally given by the sum of all the contributions offered by the load acting on each infinitesimal part of the beam. 53 Therefore, it can be calculated by exploiting the Green's function of the compressed cantilever EB beam. A similar approach 54 has been employed also in the papers [ 3 , 21 ] , where the contribution of the axial load has not been introduced. The solution 55 of the extended BVP considered here is then proved to be positive, monotonic and convex and novel lower and upper 56 estimates on the deflection are obtained in Section 3 . These estimates are then employed in Section 4 for assessing novel 57 and accurate bounds from both sides for the pull-in in voltage and tip deflection, taking into account for the effects of the Since no closed form solution can be achieved for the extremely nonlinear BVP governing the pull-in instability of a 63 micro-or nanobeam subject to a compressive axial force, but, to authors' knowledge, only numerical or approximate meth-64 ods have been proposed in the Literarture -e.g. differential quadrature method, Adomian decomposition method, finite el-65 ement method and the Galerkin method -then, the analytical bounds provided here can be considered as extremely useful 66 for validating the number of numerical strategies and approximated methods used for approaching this very difficult non-67 linear BVP. Moreover, the approach is flexible enough to allow for further generalization aiming to consider more complex 68 interactions arising at the micro-and nanoscale, such as electrochemical and double layer interactions. 
Mathematical model

70
The problem of an elastic micro-or nanocantilever clamped at one end and subject to electrostatic actuation with the 71 effects of fringing field, vdW or Casimir forces, and compressive axial load P , sketched in Fig. 1 
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where V is the electric voltage applied to the electrodes, E is the Young's modulus of the elastic material and I is the moment 
82
The boundary conditions for the cantilever beam then require vanishing of displacement and rotation of the cross section 83 at x = 0, and vanishing of the bending moment and shearing force at x = 1, namely [7] 84
where the non-dimensional parameter
denotes the square root of the ratio between the compressive axial load P and the beam bending stiffness. function G ( t ) of the differential problem is worked out, as done in [21] for a nanocantilever in the absence of the axial load.
100
The deflection of a cantilever EB beam subject to a compressive axial load and a transversal unit load acting at position x is 101 described by the following linear ODE 
The eight constants A i and B i ( i = 0,1,2,3) can be determined by using the boundary conditions ( 4 ), namely
and the continuity conditions at t = x for the deflection, slope, bending moment and shear force
respectively, thus providing 106
Therefore, the BVP ( 1 ) and ( 4 ) is equivalent to the following non-linear integral equation
As k → 0, the non-linear integral Eq. (11) recovers that obtained in [3,33,34] for a cantilever EB beam not axially loaded.
108
According to ( 11 ), the normalized deflection of the cantilever tip then is given by
By taking the derivatives of Eq. (11) one obtains
112
and, thus, the following lemma holds true.
113
Lemma 2.1. Let u ( x ) be the solution to the nonlinear integral Eq. (11) , then the following conditions hold for
Proof. Conditions ( 16 ) follow from Eqs. (11) , ( 13 )- ( 15 ), respectively, being
117
[ sin kt
Therefore, the function u is positive, increasing and convex for compressive axial load. 
119
ARTICLE IN PRESS
A priori estimates on the beam deflection
120
We prove here some bounds for the solution of the BVP ( 1 ) and ( 11 ) for 0 ≤ u ( x ) ≤ 1.
121
Let us start by providing an upper bound for the solution u ( x ) to the problem ( 1 ) and ( 4 ).
122
Lemma 3.1. Let u ( x ) be the solution to the BVP ( 1 ) and ( 4 ), then
where
Proof. Let us introduce the function
whose derivatives are
The latter inequality follows from ( 16 ), ( 1 ) and ( 2 ) 
Therefore, the function h ( x ) satisfies the following conditions
By using the mean value theorem, continuity of the function h ( x ) and conditions ( 24 ) 1,2 imply that there exists x 1 ∈ [0, 129 1] such that h ( x 1 ) = 0. Then, by using conditions ( 24 ) 3,4 there exists
Moreover, from the conditions h (1 ) ≤ 0 and h (0 ) ≥ 0, by using ( 22 ) one obtains
and thus
The introduction of ( 27 ) 1 in the inequality ( 25 ) 
and thus from ( 1 ) and ( 28 ) one obtains the following lower bound for 
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The result ( 19 ) holds also in the absence of the compressive axial load, namely for k = 0, as stated in the next corollary 141 that follows from Lemma 3.1 .
142
Corollary 3.1. Let u 0 ( x ) be the solution to the BVP ( 1 ) and ( 4 ) for k = 0 then
The same result was obtained in [35] and it has been recovered recently in [21] as a special case for an elastically 144 constrained cantilever under electrostatic actuation.
145
In the following we derive a lower bound for the solution u ( x ) to the BVP ( 1 ) and ( 4 ).
146
Lemma 3.2. Let u ( x ) be the solution to the BVP ( 1 ) and ( 4 ), then
Proof. Let us introduce the following function
where the latter inequality follows from relation ( 29 ). Therefore, the function g ( x ) satisfies the following conditions
By using the mean value theorem, continuity of g ( x ) together with conditions ( 36 ) 1,2 imply that there exists
such that g ( x 1 ) = 0. Moreover, by using conditions ( 36 ) 3,4 there exists x 2 ∈ [0, x 1 ] such that g ( x 2 ) = 0 and also
so that the lower bound ( 32 ) is attained.
157
The result ( 32 ) holds also in the absence of the compressive axial load, namely for k = 0, as stated in the next corollary, 158 which follows straight from Lemma 3.2 .
159
Corollary 3.2. Let u 0 ( x ) be the solution to the BVP ( 1 ) and ( 4 ) for k = 0, then
4. Lower and upper bounds on the pull-in parameters 161 In the following we denote with r = u (1) the normalized deflection of the cantilever tip. By using ( 12 ) 
where the following functions can be calculated numerically 167
Inequality ( 39 ) defines a lower bound to the exact relation between the normalized voltage β and the normalized tip 
where also the following functions can be calculated numerically
Upper bounds on the pull-in parameters
174
By using ( 32 ) and ( 33 ), from ( 12 ) it follows
where the parameter β * has been defined in ( 30 ).
177
The inequality ( 43 ) defines an upper bound to the exact relation between the parameters β and r . Indeed, by equating 
then yields the upper bounds β u and r u for the pull-in parameters, such that β PI ≤ β u and r PI ≤ r u . Therefore, the upper 182 bounds for the pull-in parameters are given by the following conditions
where Table 2 Lower and upper bounds for the pull-in parameters of a micro/nanocantilever subjected to a compressive axial load with k = 1, for several values of the vdW and Casimir parameters α W , α C , and geometric ratio d / w . Table 3 Lower and upper bounds for the pull-in parameters of a micro/nanocantilever subjected to a compressive axial load with k = 1.2, for several values of the vdW and Casimir parameters α W , α C , and geometric ratio d / w . 
Results
185
The lower and upper bounds predicted by the present analytical approach for the normalized pull-in voltage β l and 186 β u and for the normalized pull-in deflection r u and r l have been reported in Tables 1-3 for some particular set of the   187 parameters d / w , α W and α C and for specific values of the axial load parameter k defined in ( 5 ) ranging between 0 and 1.5.
188
It can be observed that the results for vanishing compressive axial load, namely for k = 0, recover those found in [21] , thus Since the Casimir force is effective at larger distances than the vdW force, then pull-in instability caused by the effect of 235 the Casimir force is found to occur at smaller tip deflections, and thus at larger separation distances between the electrodes, 236 than the pull-in tip instability caused by the action of the vdW force. The lower and upper bounds for the critical vdW and 237
Casimir parameters α W 0 and α C 0 for a compressed nanocantilever in the absence of electrostatic actuation can be found 238 also in Table 4 for the considered range of values of the axial load parameter k . instability has been examined, the accuracy of the analytical lower and upper bounds has been verified by comparison with 244 the numerical solution of the nonlinear BVP obtained by using the shooting method procedure available in the Mathematica 245 package. In particular, the lower bounds are found to be very close to the exact pull-in parameters.
246
The provided estimates make the present study particularly significant for developing new practical applications in the 
